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Abstract
The generic non-extremal Kerr-Newman black holes are holographically dual to hid-
den conformal field theories in two different pictures. The two pictures can be merged
together to the CFT duals in general picture that are generated by SL(2,Z) modular
group. We find some extensions of the conformal symmetry generators that yield an
extended local family of SL(2,R)L × SL(2,R)R hidden conformal symmetries for the
Kerr-Newman black holes parameterized by one deformation parameter. The family
of deformed hidden conformal symmetry for Kerr-Newman black holes also provides a
set of deformed hidden conformal generators for the charged Reissner-Nordstrom black
holes. The set of deformed hidden conformal generators reduce to the hidden SL(2,R)
conformal generators for the Reissner-Nordstrom black hole for specific value of defor-
mation parameter. We also find agreement between the macroscopic and microscopic
entropy and absorption cross section of scalars for the Kerr-Newman black hole by
considering the appropriate temperatures and central charges for the deformed CFTs.
1amg142@campus.usask.ca
2hms923@campus.usask.ca
1 Introduction
The Kerr/CFT correspondence relates the physics of the extremal Kerr black hole to that
of a dual chiral conformal field theory (CFT) [1, 2]. The generators of CFT related to the
diffeomorphisms of the near horizon geometry of the Kerr black hole [3]. The correspondence
has been established for different types of extremal rotating black holes in four dimensions
as well as higher dimensional black holes [4]-[8].
For the more interesting non-extremal black holes, one may consider a different approach
to establish the correspondence [9]. For these generic rotating black holes, the conformal
symmetry that is know as the hidden conformal symmetry can be found by looking at the
solutions of a test field in the background of the black hole. In general, the test field is
considered to be a neutral scalar field. It turns out that one can construct proper generators
for an SL(2,R) algebra such that its Casimir invariant produces exactly the wave equation
of the neutral scalar field. The hidden conformal symmetry for the wave equation of scalar
field in different rotating black holes was obtained explicitly in [10, 11, 12]. Moreover, it is
shown that for some charged rotating black holes, there are more than one dual CFT. As
an example, for the four-dimensional Kerr-Newman black holes, there is one class of CFT
that is associated to the rotation of black hole. The second class of CFT is associated to
the charge of black hole. The former and latter CFTs are called CFTs in J and Q pictures,
respectively [13, 14, 15].
We also notice that there is correspondence between the angular momentum of the Kerr-
Newman black hole to the rotational symmetry of black hole in φ direction. Moreover the
charge of the black hole is in correspondence to the gauge symmetry of the black hole. The
gauge symmetry of the black hole can be interpreted as the rotational symmetry of the
uplifted black hole in the fifth-direction χ. These facts lead to two new CFTs correspond
to two rotational symmetries of the uplifted black hole in five dimensions and we call them
φ′ and χ′ pictures respectively [15]. Using the modular group SL(2,Z) for a torus made by
(φ, χ), we get one other picture that we call as the general picture. We also note that the
J and Q pictures for the Kerr-Newman black hole can be obtained by choosing the identity
element of the modular group in the general picture [15].
As the second example, we consider the class of rotating charged Kerr-Sen black holes in
four dimensions [16]. The Kerr-Sen solutions are the exact solutions of the low energy limit
of heterotic string theory in four dimensions. The solutions include three non-gravitational
fields that do not contribute to the central charges of the dual chiral CFT [17]. However,
unlike the Kerr-Newman black hole, the Kerr-Sen black hole does not possess any well
defined Q picture. The only consistent picture for Kerr-Sen black hole is the J picture
[18]. The other feature of the Kerr-Sen black hole is that the hidden conformal symmetry
generators can be extended by including a deformation parameter in the radial equation
of motion. These extended (deformed) hidden conformal symmetries in the limit of zero
rotation provide the hidden conformal symmetry for the charged Gibbons-Maeda-Garfinkle-
Horowitz-Strominger black holes [19]. The idea of introducing the deformation parameter in
the radial equation of motion first discussed in [20] to extend the hidden conformal symmetry
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of the non-extremal Kerr black hole. One direct benefit of introducing the deformation
parameter in the radial equation of motion of scalar field is that one can find the hidden
conformal symmetry for the non-rotating black hole from the deformed hidden conformal
symmetry of the rotating black hole in the limit of zero rotation. As the first example, the
hidden conformal symmetry of Schwarzchild black hole can be obtained from the deformed
hidden conformal symmetry of Kerr black hole for special value of deformation and rotational
parameters [20]. Moreover, the hidden conformal symmetry for the charged non-rotating
Gibbons-Maeda-Garfinkle-Horowitz-Strominger black hole can be obtained directly from the
deformed hidden conformal symmetry of Kerr-Sen black hole for special value of deformation
parameter and in the limit of zero rotation [19]. We also note that we choose the deformation
parameter in such a way that the low frequency limit and the near region geometry remain
intact. The physical justification for the deformation in the radial equation near the inner
horizon is related to the fact that the solutions to the exact radial equation for the scalar field
are singular at the inner horizon, outer horizon and far infinity. However the back-reaction
of the field on the internal geometry of black hole replaces the inner Cauchy horizon by a
null curvature spacelike singularity that covers the inner horizon of the black hole [21]. As a
result, the region behind the null spacelike singularity that includes the inner horizon is not
the physical region of interest in the solutions of the radial equation. The other interesting
feature of deformation of the inner horizon is that it doesn’t change the location of other
singularities of the radial equation that are located on the outer horizon and far infinity.
Inspired by comparing the four-dimensional charged rotating Kerr-Sen black holes to the
Kerr-Newman black holes, the lack of Q picture for the Kerr-Sen black holes and existence of
the extended (deformed) hidden conformal symmetries for the Kerr-Sen black holes, in this
article we investigate the existence of the extended (deformed) hidden conformal symmetry
for the Kerr-Newman black holes in different pictures.
The article is organized as follows: In section 2, we briefly review the hidden conformal
symmetries for the Kerr-Newman black holes in different pictures. In section 3, we introduce
the deformed radial function and find explicitly the deformed hidden conformal generators
for the Kerr-Newman black holes in the J picture. We also find that the deformed right and
left temperatures and central charges of the dual CFT lead to the microscopic entropy of
the CFT that is in exact agreement with the macroscopic entropy. Then in section 4, we
construct the deformed hidden conformal generators for the Kerr-Newman black holes in the
Q picture. We again find that the deformed right and left temperatures and central charges
of the dual CFT lead to the microscopic entropy of the CFT that is in exact agreement
with the macroscopic entropy. In section 5, we find the deformed radial equation in general
φ′ picture and find the deformed hidden conformal generators for the Kerr-Newman black
holes. We again find that the deformed right and left temperatures and central charges of
the dual CFT lead to the microscopic entropy of the CFT that is in exact agreement with
the macroscopic entropy in φ′ picture. In section 6, we consider the scattering of charged
scalars in the background of Kerr-Newman black holes based on deformed radial equation in
three different pictures. The results in all three pictures provide support for correspondence
between the Kerr-Newman black holes and dual CFTs in different pictures. In section 7,
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we find the deformed hidden conformal generators for the Reissner-Nordstrom black holes.
Finally in section 8 we wrap up the article by concluding remarks.
2 The hidden conformal symmetries for Kerr-Newman
black holes
The Kerr-Newman metric is the exact solution to Einstein-Maxwell equations. The solution
describes a spacetime outside of an electrically charged rotating massive object. The line
element of Kerr-Newman spacetime can be read as [13, 15]
ds2 = −∆− a
2 sin2 θ
̺
[
dt+
(2Mr−Q2)a sin2 θ
∆− a2 sin2 θ dφ
]2
+ ̺
dr2
∆
+ ̺dθ2 +
̺∆sin2 θ
∆− a2 sin2 θdφ
2, (2.1)
where
̺ = r2 + a2 cos2 θ, (2.2)
∆ = r2 − 2Mr + a2 +Q2. (2.3)
The metric (2.1) in the limit of a = 0 reduces to the Reissner-Nordstrom solution, whereas
in the limits a = 0, Q = 0, the metric (2.1) reduces to Schwarzschild spacetime. The gauge
fields in the solution are
A = −Qr
̺
(
dt− a sin2 θdφ) . (2.4)
The inner and outer horizons, r− and r+ respectively, can be expressed as
r± = M ±
√
M2 − a2 −Q2. (2.5)
For the extremal Kerr-Newman black holes, M2 = a2+Q2 which provides r+ = r− =M .
The Bekenstein-Hawking entropy, Hawking temperature, angular velocity and the electric
potential at the horizon of the black hole (2.1) can be read as
SBH = π(r
2
+ + a
2), (2.6)
TH =
r+ − r−
4π(r2+ + a
2)
, (2.7)
ΩH =
a
r2+ + a
2
, (2.8)
ΦH =
Qr+
r2+ + a
2
, (2.9)
respectively.
We consider a massless charged test scalar field in the background of the Kerr-Newman
black hole. The minimally coupled equation of motion for the scalar field is
(∇α − ieAα)(∇α − ieAα)Φ = 0, (2.10)
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where e is the electric charge of scalar field. There are two Killing vectors ∂t and ∂φ for the
Kerr-Newman black holes (2.1). We separate the coordinates in the solutions to equation
(2.10) as
Φ(t, r, θ, φ) = e−iωt+imφR(r)S(θ). (2.11)
Using (2.11) in equation (2.10) leads to two differential equations for angular function S(θ)
and the radial function R(r),
1
sin θ
∂θ(sin θ ∂θS(θ))−
[
a2ω2 sin2 θ +
m2
sin2 θ
−Kl
]
S(θ) = 0, (2.12)
∂r(∆∂rR(r)) +
[
[(r2 + a2)ω − eQr −ma]2
∆
+ 2maω −Kl
]
R(r) = 0, (2.13)
whereKl is the separation constant. Furthermore, the radial equation (2.13) can be rewritten
as
∂r(∆∂rR(r))+
[[
(r2++a
2)ω − am−Qr+q
]2
(r − r+)(r+ − r−) −
[
(r2−+a
2)ω − am−Qr−q
]2
(r − r−)(r+ − r−)
]
R(r)
+f(r)R(r) = KlR(r), (2.14)
where f(r) = ω2r2 + 2(ωM − eQ)ωr + ω2a2 − ω2Q2 + (2ωM − eQ)2. To simplify the radial
equation (2.14) and find the hidden conformal symmetry, we consider the low frequency
scalar field ωM ≪ 1 where the non-extremal condition guarantees ωa ≪ 1 and ωQ ≪ 1.
Moreover, we assume small electric charge for the scalar field eQ ≪ 1. These conditions in
the near region geometry ωr ≪ 1, lead to neglect the function f(r) in the radial equation
(2.14). So, we find
∂r(∆∂rR(r)) +
[
[(2Mr+ −Q2)ω − am−Qr+e]2
(r − r+)(r+ − r−) −
[(2Mr− −Q2)ω − am−Qr−e]2
(r − r−)(r+ − r−)
]
R(r)
= l(l + 1)R(r), (2.15)
where we set the separation constant Kl = l(l + 1).
Considering a charged probe in the background of a rotating charge black hole in Kerr/CFT
correspondence leads to new features that are quite distinct for rotating charged black holes
[13, 18] . As the first example, there are two different individual CFT2 that are holograph-
ically dual to the Kerr-Newman black hole. The twofold hidden conformal symmetries are
in J picture where the charge of probe is assumed to be very small and Q picture where
the probe co-rotates with the horizon. In J picture the electric charge of probe is set to be
zero while in Q picture the scalar wave expansion is restricted to be in the m = 0 mode.
Each of the two pictures provides the hidden conformal symmetry and so establishes the
correspondence to the CFT2 [13].
Therefore, one may expect the twofold hidden conformal symmetries must exist for other
four-dimensional rotating charged black holes. However, the Kerr-Sen black hole which is a
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rotating charged black hole in four-dimensions doesn’t possess the twofold hidden conformal
symmetries. More specifically, the four-dimensional Kerr-Sen black hole as the solutions to
the low energy limit of heterotic string theory don’t have the hidden conformal symmetry
in a well defined Q picture [18]. One may consider the absence of Q picture for the Kerr-
Sen black hole as a counterexample to the “microscopic hair conjecture” that only exists in
Einstein-Maxwell theory [13].
In revealing the twofold picture of hidden conformal symmetries for the Kerr-Newman
black holes, the scalar wave function can be expanded as
Φ = e−ωt+imφ+ieχR(r)S(θ), (2.16)
where the internal dimension χ has the same U(1) symmetry as the coordinate φ. The ex-
istence of two coordinates with U(1) symmetry leads the twofold hidden symmetries for the
Kerr-Newman black holes. We note that the twofold hidden conformal symmetries of the
Kerr-Newman suggest the unique central charge in each picture. In J picture, the central
charge depends only on the angular momentum J while in Q picture, the central charge
depends only on the black holes charge Q. In both pictures, all the results for microscopic
entropy, absorption cross section, and real time correlators are in favor of Kerr/CFT corre-
spondence. In the next following sections, we confirm that the deformed hidden conformal
symmetry for Kerr-Newman black hole exists in both J and Q pictures, as well as finally
can be collected in a single picture namely general picture [15].
3 Deformed hidden conformal symmetry in J picture
The radial equation (2.15) has two poles on outer horizon r+ and inner horizon r− where the
Kerr-Newman metric function ∆ (2.3) vanishes. For the Kerr-Newman black holes far from
the extremality, we note that r is far enough from r−. As a result of this, we can drop the
linear and quadratic terms in frequency [18, 20]. These terms are coming from the expansion
near the inner horizon. So we deform the radial equation (2.15) near the inner horizon r−
by deformation parameter κ as
∂r(∆∂rR(r))+
[
[(2Mr+ −Q2)ω − am−Qr+e]2
(r − r+)(r+ − r−) −
[(2Mκr+ −Q2)ω − am−Qκr+e]2
(r − r−)(r+ − r−)
]
R(r)
= l(l + 1)R(r). (3.1)
where κ satisfies (2M2κ − Q2)amω << 2
√
M2 − a2 −Q2(r − r−) as well as (2M2κ −
Q2)2ω2 << 2
√
M2 − a2 −Q2(r − r−). These two constraints on κ guarantee that equa-
tion (3.1) is still in low frequency limit and so one can neglect the linear and quadratic
terms in frequency that come from the expansion near the inner horizon. Moreover the
constraints do not change drastically the near region geometry of the black hole. We note
that physical justification for the deformation in the radial equation near the inner horizon
is related to the fact that the solutions to the exact radial equation (2.14) (before going to
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the near region and considering the low frequency limit and small electric charge for the
scalar field) are singular at the inner horizon. However it is shown that the back-reaction
of the field on the internal geometry of black hole replaces the inner Cauchy horizon by a
null curvature spacelike singularity that covers the inner horizon of the black hole [21]. As
a result, the region behind the null spacelike singularity that includes the inner horizon is
not the physical region of interest in the solutions of the radial equation (2.15). In other
words, one can consider the deformation of the radial equation near the inner horizon only,
given by (3.1), as the radial equation describes the dynamics of the test field outside of the
null spacelike singularity. The other interesting feature of deformation of the inner horizon
is that it doesn’t change the location of other singularities of the radial equation (2.15) that
are located on the outer horizon and far infinity.
Let us consider first the deformed equation (3.1) in the J picture that can be written as
∂r(∆∂rR(r)) +
[
[(2Mr+ −Q2)ω − am]2
(r − r+)(r+ − r−) −
[(2Mκr+ −Q2)ω − am]2
(r − r−)(r+ − r−)
]
R(r) = l(l + 1)R(r).
(3.2)
We consider the following vector fields
L± = e
±ρt±σφ
(
∓
√
∆∂r +
C1 − γr√
∆
∂t +
C2 − δr√
∆
∂φ
)
, (3.3)
L0 = γ∂t + δ∂φ, (3.4)
that make the sl(2,R) algebra given by [L±, L0] = ±L± and [L+, L−] = 2L0 [18, 20]. More-
over we require the quadratic Casimir operator of sl(2,R) represents the deformed radial
equation (3.2). Hence we find
L20 −
1
2
(L+L− + L−L+) = ∂r (∆∂r) +
((2Mr+ −Q2)ω − am)2
(r − r+) (r+ − r−) −
((2Mκr+ −Q2)ω − am)2
(r − r−) (r+ − r−) .
(3.5)
We notice that the following automorphism for the generators L± and L0,
L± → −L± , L0 → L0, (3.6)
does not change the sl(2,R) algebra and so the quadratic Casimir operator is invariant.
We get the following two equations for the coefficients of ∂r and ∂
2
r in (3.5)
ρC1 + σC2 +M = 0, (3.7)
and
1 + ργ + σδ = 0. (3.8)
Moreover, the coefficients of ∂2φ and ∂
2
t in (3.5) give two other equations as
−δ2 (r − r+) (r − r−) + C22 − 2C2δr + δ2r2 = a2, (3.9)
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and
C21 − γ2 (r − r+) (r − r−)− 2C1γr + γ2r2 =
(2Mr+ −Q2)2
(r+ − r−)
(
(r − r−)− κ2 (r − r+)
)−
− 4MQ
2r+
(r+ − r−) (r − r− − κ (r − r+)) +Q
4. (3.10)
Finally, we get the following equation which is the coefficient of ∂φ∂t in (3.5)
−C2C1 + δrC1 − δr2γ + γ (r − r+) (r − r−) δ + C2γr =
= − 2Mr+a
(r+ − r−) ((r − r−)− κ (r − r+)) + 2aQ
2. (3.11)
From equation (3.9), we find two classes of solutions,
δJa =
2a
r+ − r− , C
J
2a =
a(r+ + r−)
r+ − r− , (3.12)
δJb = 0, C
J
2b = a. (3.13)
Substituting (3.12) and (3.13) into equations (3.10) and (3.11), we find C1 and γ that are
given by
γJa =
2Mr+ (κ+ 1)− 2Q2
r+ − r− , C
J
1a =
2Mr+ (κr+ + r−)
r+ − r− −Q
2
(
r+ + r−
r+ − r−
)
, (3.14)
γJb =
2Mr+ (κ− 1)
r+ − r− , C
J
1b =
2Mr+ (κr+ − r−)
r+ − r− −Q
2. (3.15)
Solving (3.7) and (3.8) for σ and ρ gives all the conformal generators (3.3) and (3.4) where
all the constants are given in table 1.
Table 1: Solutions for deformed conformal generators in J picture
branch a branch b
δ 2a
r+−r− 0
γ 2Mr+(κ+1)−2Q
2
r+−r−
2Mr+(κ−1)
r+−r−
C1
2Mr+(κr++r−)
r+−r− −Q2
(
r++r−
r+−r−
)
2Mr+(κr+−r−)
r+−r− −Q2
C2
a(r++r−)
r+−r− a
ρ 0 − r+−r−
2(κ−1)Mr+
σ (r−−r+)
2a
2Mr+(κr+−r−−M(κ−1))−Q2(r+−r−)
2aMr+(κ−1)
We note that multiplying all the coefficients in table 1 with −1 also are solutions to equations
(3.7), (3.8), (3.9), (3.10) and (3.11). However these solutions correspond to invariance of the
Casmir operator L20 − 12(L+L− + L−L+) by renaming the vector fields as
L0 → −L0 , L± → −L∓ . (3.16)
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We also note that in the limit of Q = 0, the vector fields in the J picture reduce correctly
to the generators of deformed conformal symmetry for the Kerr black holes [20].
Furnished by the explicit expressions for the deformed conformal generators in branch a
La± = e
∓2piTRφ
[
∓√∆∂r − 12piTH r−M√∆ (ΩH∂φ + ∂t) + 12piΩH (TL+TR)
r−r+√
∆
∂t
]
, (3.17)
La0 =
1
2πTH
(ΩH∂φ + ∂t)− 1
2πΩH(TL + TR)
∂t,
and branch b
Lb± = e
±2piΩ(TL+TR)t∓2piTLφ
[
∓√∆∂r + 2Mr+−Q2√∆ (Ω∂φ + ∂t) + 12piΩH (TL+TR)
r−r+√
∆
∂t
]
,
(3.18)
Lb0 = −
1
2πΩH(TL + TR)
∂t,
where TH and ΩH are defined in (2.7) and (2.8) and the left and right moving CFT temper-
atures are given by
TR =
r+ − r−
4πa
, TL =
TR(1 + κ)
1− κ −
Q2TR
Mr+(1− κ) . (3.19)
One can verify that taking the left and right central charges
cR = cL =
6aMr+(1− κ)√
M2 − a2 −Q2 , (3.20)
leads to the exact Bekenstein-Hawking entropy for Kerr-Newman black holes (2.6), if we use
the Cardy formula
SCardy =
π2
3
(cRTR + cLTL). (3.21)
We notice that for the special case of deformation parameter given by κ = r+/r−, we find
the generators of hidden conformal symmetry for the Kerr-Newman black holes [13]. In fact,
for κ = r+/r−, the deformed generators La± and L
a
0 (up to automorphisms (3.6)) reduce to
conformal generators H± and H0 in [13] according to
Lak = −iHk, (3.22)
where k = +,−, 0. The generators in branch b for κ = r+/r− reduce to the other copy of
conformal generators H¯k in [13] by the mapping
Lbk = iH¯k. (3.23)
The left and right temperatures (3.19) as well as central charge (3.20) reduce to the corre-
sponding results in [13] after setting κ = r−/r+.
An interesting open question is to derive the deformed central charges by using either
ASG or stretched horizon techniques.
8
4 Deformed hidden conformal symmetry in Q picture
The deformed radial equation (3.1) in the Q picture is
∂r(∆∂rR(r))+
[
[(2Mr+ −Q2)ω −Qr+e]2
(r − r+)(r+ − r−) −
[(2Mκr+ −Q2)ω −Qκr+e]2
(r − r−)(r+ − r−)
]
R(r) = l(l+1)R(r).
(4.1)
Matching the Casimir operator of sl(2,R) algebra to the left hand side of equation (4.1) gives
the same equations (3.7) and (3.8) for the coefficients of ∂r and ∂
2
r in J picture. However the
other equations are different and their solutions again provide two branches. The solutions
are represented in table 2.
Table 2: Solutions for conformal generators in Q picture
branch a branch b
δ Qr+(1+κ)
r+−r−
Qr+(κ−1)
r+−r−
γ 2Mr+(κ+1)−2Q
2
r+−r−
2Mr+(κ−1)
r+−r−
C1
2Mr+(κr++r−)
r+−r− −Q2
(
r++r−
r+−r−
)
2Mr+(κr+−r−)
r+−r− −Q2
C2
Qr+(κr++r−)
r+−r−
Qr+(κr+−r−)
r+−r−
ρ r+−r−
2Q2
M(κ−1)−κr++r−
Q2(κ−1)
σ −M(r+−r−)
Q3
(r+−r−)(Mr+(κ+1)−Q2)
r+(κ−1)Q3
Moreover we note that multiplying all the solutions in table 2 by −1 also satisfy the full
set of equations. However similar to the J picture, these solutions correspond to invariance
of the Casimir operator under renaming (3.16). Considering the right and left temperatures
to be proportional to σ in branches a and b as
TR =
M(r+ − r−)
2πQ3
, TL = TR
(1 + κ)
(1− κ) −
TRQ
2
Mr+(1− κ) , (4.2)
one can produce the correct Bekenstein-Hawking entropy of the Kerr-Newman black holes
using the Cardy formula by the central charges
cL = cR =
3Q3r+(1− κ)√
M2 − a2 −Q2 . (4.3)
We note that the dependence of TL in (4.2) to TR has exactly the same form as the left
temperature in J picture (3.19). We notice that for special value of κ = r−/r+, the mappings
(3.22) and (3.23) show that deformed conformal generators correctly reduce to conformal
generators of the Kerr-Newman black hole. The temperatures (4.2) and the central charges
(4.3) reduce to the left and right temperatures and the central charge of CFT dual to Kerr-
Newman black hole [13]. We note that in Q picture in which the coefficients of conformal
generators are given in table 2, the deformed hidden conformal symmetry generators are
(3.3) and (3.4), replacing the coordinate φ with the internal coordinate χ.
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5 Deformed hidden conformal symmetry in general pic-
ture
As it was mentioned in introduction, the Kerr-Newman black holes have two conformal
pictures as φ′ and χ′ pictures. These pictures correspond respectively to two separated
U(1) symmetries with respect to coordinates φ and χ. The third conformal picture (general
picture) can be obtained by using the modular group SL(2,Z) of the torus (φ, χ). In this
picture, the SL(2,Z) transformation for the torus is given by [14, 15](
φ′
χ′
)
=
(
α β
η τ
)(
φ
χ
)
, (5.1)
where
(
α β
η τ
)
is any SL(2,Z) group element. Under transformation (5.1), the phase factor
of the charged scalar field (2.11) with the electric charge e is invariant; eimφ+ieχ = eim
′φ′+ie′χ′
which yields
m = αm′ + ηe′ , e = βm′ + τe′. (5.2)
In φ′ picture, we set e′ = 0, hence the deformed radial equation is
∂r (∆∂rR (r))
+
(
((2Mr+ −Q2)ω − (Qr+β + aα)m′)2
(r − r+) (r+ − r−) −
((2Mκr+ −Q2)ω − (Qκr+β + aα)m′)2
(r − r−) (r+ − r−)
)
R (r)
= l (l + 1)R (r) , (5.3)
Similar to J and Q pictures, we match the Casimir operator of sl(2,R) to the left hand side
of equation (5.3) and solve for the coefficients of the vector fields (3.3) and (3.4). We find
there are two classes of solutions for δ, γ, C1, and C2 that are given by
δGa =
a1 + a2
r+ − r− , C
G
2a =
a1r− + a2r+
r+ − r− , (5.4)
δGb =
a2 − a1
r+ − r− , C
G
2b =
a2r+ − a1r−
r+ − r− , (5.5)
γGa =
2Mr+ (κ+ 1)− 2Q2
r+ − r− , C
G
1a =
2Mr+ (κr+ + r−)
r+ − r− −Q
2
(
r+ + r−
r+ − r−
)
, (5.6)
γGb =
2Mr+ (κ− 1)
r+ − r− , C
G
1b =
2Mr+ (κr+ − r−)
r+ − r− −Q
2, (5.7)
where
a1 = Qr+β + aα , a2 = Qκr+β + aα. (5.8)
Table 3 shows the full set of solutions for branch a and b.
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Table 3: Solutions for conformal generators in general picture
branch a branch b
δ 2αa+(κ+1)βQr+
r+−r−
(κ−1)βQr+
r+−r−
γ 2Mr+(κ+1)−2Q
2
r+−r−
2Mr+(κ−1)
r+−r−
C1
2Mr+(κr++r−)
r+−r− −Q2
(
r++r−
r+−r−
)
2Mr+(κr+−r−)
r+−r− −Q2
C2
Qβr+(κr++r−)+aα(r++r−)
r+−r−
Qβr+(κr+−r−)+aα(r+−r−)
r+−r−
ρ Qβ(r+−r−)
2(2Maα+Q3β)
−αa(r+−r−)−Qβr+(M(κ−1)−κr++r−)
(κ−1)r+(2Maα+Q3β)
σ − M(r+−r−)
(2Maα+Q3β)
(r+−r−)((κ+1)Mr+−Q2)
(κ−1)r+(2Maα+Q3β)
In this picture, the left and right CFT temperatures are given by
TR =
M(r+ − r−)
2π(2Maα +Q3β)
, TL = TR
(1 + κ)
(1− κ) −
TRQ
2
Mr+(1− κ) . (5.9)
The agreement between microscopic CFT entropy and the Hawking-Bekenstein entropy re-
quires that the central charges are
cL = cR =
3(1− κ)r+(2Maα +Qβ)√
M2 − a2 −Q2 . (5.10)
We note that the right temperature of generalized CFT is independent of deformation param-
eter κ. However the left temperature non-trivially depends on the deformation parameter κ.
Moreover, we should note that the deformed hidden conformal symmetry generators in gen-
eral φ′ picture are given by (3.3) and (3.4), replacing the coordinate φ by φ′. The solutions
for coefficients (tabulated in table 3) reduce to the corresponding coefficients in table 1 in
J picture where we set α = 1, β = 0, and reduce to the coefficients in table 2 in Q picture
where α = 0, β = 1. As a result the generators in the φ′ picture reduce to the corresponding
generators in J and Q pictures respectively.
6 Scattering of charged scalars in the Kerr-Newman
background based on deformed radial equation
In this section, we consider the absorption cross section of the scalar fields in the background
of Kerr-Newman black holes in different pictures.
6.1 J picture
We re-write the deformed equation in J picture (3.1) as
∂r (∆∂rR (r)) +
(
(gJ+)
2 (r+ − r−)
(r − r+) −
(gJ−)
2 (r+ − r−)
(r − r−) −Kl
)
R (r) = 0 (6.1)
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where
gJ+ =
(2Mr+ −Q2)ω − am
r+ − r− , (6.2)
gJ− =
(2Mκr+ −Q2)ω − am
r+ − r− . (6.3)
We define the new coordinate [22]
p =
r − r+
r − r− , (6.4)
and so the deformed equation (6.1) becomes
p (1− p) ∂2pR (p) + (1− p) ∂pR (p) +
(
gJ+
p
− gJ− −
Kl
1− p
)
R (p) = 0, (6.5)
where we used the following identity
∆∂r = (r+ − r−) p∂p. (6.6)
The in-going solution for the equation (6.5) is
Rin (r) = Const.p
−igJ+ (p− 1)−l 2F1
(−l − i (gJ+ − gJ−) ,−l − i (gJ+ + gJ−) ; 1− 2igJ+; p) ,
(6.7)
where 2F1 is the hypergeometric function. The in-going solution (6.7) on the outer boundary
of the matching region where r >> M behaves as,
Rin ∼ Arl, (6.8)
where A = 2F1
(−l − i (gJ+ − gJ−) ,−l − i (gJ+ + gJ−) ; 1− 2igJ+; 1). We should mention in find-
ing the in-going solution, we consider the low frequency condition, ω << 1/M in near region,
r << 1/ω. Using the Gauss’ theorem for hypergeometric functions, we can re-write the factor
A in equation (6.8) as
A =
Γ
(
1− 2igJ+
)
Γ (2l + 1)
Γ
(
l + 1− 2i
(
(Mr+(1+κ)−Q2)ω−am
r+−r−
))
Γ
(
l + 1− 2i
(
Mr+(1−κ)ω
r+−r−
)) . (6.9)
Hence, we find the absorption cross section, given by
Pabs ∼ |A|−2 = sinh
(
2πgJ+
) |Γ (l + 1− iB1)|2 |Γ (l + 1− iB2)|2
2πgJ+ (Γ (2l + 1))
2 , (6.10)
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where
B1 = 2
(
(Mr+ (1 + κ)−Q2)ω − am
r+ − r−
)
, (6.11)
B2 = 2
(
Mr+ (1− κ)ω
r+ − r−
)
. (6.12)
In supporting the Kerr/CFT duality in this scattering process, we need to associate the ab-
sorption cross section (6.10) with the results from 2D CFT. In other words, we want to match
the absorption cross section (6.10) computed from gravitational side to the corresponding
cross section in the dual 2D CFT in J picture,
Pabs ∼ T JL 2hL−1T JR2hR−1 sinh
(
ωJL
2T JL
+
ωJR
2T JR
) ∣∣∣∣Γ
(
hL + i
ωJL
2πT JL
)∣∣∣∣
2 ∣∣∣∣Γ
(
hR + i
ωJR
2πT JR
)∣∣∣∣
2
(6.13)
which is known as the finite temperature absorption cross section in a 2D CFT [22]. To
match and find the possible agreement between (6.13) and (6.10), we consider the first law
of thermodynamics for the charged rotating black holes
THδSBH = δM − ΩHδJ − ΦHδQ. (6.14)
where TH ,ΩH and ΦH are given by (2.7), (2.8) and (2.9). For a 2D CFT with the Cardy
entropy [1]
SCFT = 2π
(√
cLEL
6
+
√
cRER
6
)
, (6.15)
the variation of entropy can be read as
δSCFT =
δEL
TL
+
δER
TR
. (6.16)
Matching the variations of entropy (6.14) and CFT entropy (6.16) gives
δM − ΩHδJ − ΦHδQ
TH
=
δEJL
T JL
+
δEJR
T JR
. (6.17)
In the last equation and also in (6.13), the superscripts J show the corresponding quantities
in the J picture. We can identify δM as ω, δJ as m, δQ as e, δEJR,L = ω
J
R,L in (6.17).
Therefore a set of left and right frequencies that satisfy the equation (6.17) are
ωJL =
ω (Mr+ (κ+ 1)−Q2)
a
, ωJR = ω
J
L −m. (6.18)
For κ = r−/r+, these left and right frequencies definitely reduce to the left and right fre-
quencies in J picture for the Kerr-Newman black hole [13]. The fact which supports the
existence of dual 2D CFT for the deformed Kerr-Newman/CFT correspondence is the agree-
ment between (6.13) with (6.10) if the ωJL,R are as in (6.18). In the formula (6.13), the left
and right conformal weights hL,R are equal to l+1. We notice that these conformal weights
are the same in the other Q and general pictures that we discuss in next two subsections.
13
6.2 Q picture
In Q picture, the charged test particle is rotating corotationally with the black hole horizon,
thus we can turn off the rotational parameter a. The absorption cross section and the
deformed radial equation are given by (6.10) and (6.1) with replacing gJ to gQ where
gQ+ =
(2Mr+ −Q2)ω −Qr+e
r+ − r− , (6.19)
gQ− =
(2Mκr+ −Q2)ω −Qκr+e
r+ − r− . (6.20)
Thus we find the corresponding absorption cross section, given by
Pabs ∼ |A|−2 = sinh
(
2πgJ+
) ∣∣∣Γ(l + 1− iBQ1 )∣∣∣2 ∣∣∣Γ(l + 1− iBQ2 )∣∣∣2
2πgJ+ (Γ (2l + 1))
2 , (6.21)
where
BQ1 =
(
(2Mr+ (1 + κ)− 2Q2)ω −Q(1 + κ)r+e
r+ − r−
)
, (6.22)
BQ2 =
(
2Mr+ (1− κ)ω −Q(1 − κ)r+e
r+ − r−
)
. (6.23)
In this picture, to match and find the possible agreement between the cross section (6.21)
and the finite temperature absorption cross section of CFT, we again consider the first law
of thermodynamics for the charged rotating black holes. The matching of microscopic and
macroscopic entropy variations in Q picture now can be read as
δM − ΩHδJ − ΦHδQ
TH
=
δEQL
TQL
+
δEQR
TQR
. (6.24)
We identify δEL,R with the left and right frequencies ω˜
Q
L,R that are related to three quantities;
the left and right frequencies ωQL,R, charges qL,R, and chemical potentials µL,R where
ωQR = ω
Q
L =
2Mω
Q3
(
Mr+ (1 + κ)−Q2
)
, (6.25)
µR = µL + 1 =
Mr+ (1 + κ)
Q2
. (6.26)
The frequencies ω˜L,R are given by
ω˜QL,R = ω
Q
L,R − qL,RµL,R, (6.27)
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where the charges qL,R = e. Substituting equations (6.25), (6.26) and (6.27) into the 2D
CFT absorption cross section
Pabs ∼ TQL
2hL−1
TQR
2hR−1
sinh
(
ω˜QL
2TL
+
ω˜QR
2TQR
) ∣∣∣∣∣Γ
(
hL + i
ω˜QL
2πTQL
)∣∣∣∣∣
2 ∣∣∣∣∣Γ
(
hR + i
ω˜QR
2πTQR
)∣∣∣∣∣
2
,
(6.28)
shows that the 2D CFT cross section agrees with the absorption cross section which is derived
from gravitational point of view in Q picture (6.21). Also as it is expected, when κ = r−/r+,
the left and right frequencies for the deformed 2D CFT as well as the chemical potential
reduce to the corresponding quantities in [13].
6.3 General picture
The SL(2,Z) transformation between (φ, χ) and (φ′, χ′) yields the relations (5.2). The φ′
picture under consideration is given by setting e′ = 0. The deformed radial equation (5.3)
in φ′ picture can be rewritten as,
∂r (∆∂rR (r)) +
(
(gG+)
2 (r+ − r−)
(r − r+) −
(gG−)
2 (r+ − r−)
(r − r−) −Kl
)
R (r) = 0, (6.29)
where gG+ and g
G
− are
gG+ =
(2Mr+ −Q2)ω − (Qr+β + aα)m′
r+ − r− , (6.30)
gG− =
(2Mκr+ −Q2)ω − (Qκr+β + aα)m′
r+ − r− . (6.31)
The absorption cross section is given by
Pabs ∼ |A|−2 = sinh
(
2πgG+
) ∣∣Γ (l + 1− iBG1 )∣∣2 ∣∣Γ (l + 1− iBG2 )∣∣2
2πgG+ (Γ (2l + 1))
2 , (6.32)
where
BG1 =
(
(2Mr+ (1 + κ)− 2Q2)ω − (Q(1 + κ)r+β + 2aα)m′
r+ − r−
)
, (6.33)
BG2 =
(
2Mr+ (1− κ)ω −Q(1− κ)r+βm′
r+ − r−
)
. (6.34)
Matching the macroscopic and microscopic entropy requires that we introduce the gen-
eralized frequencies ω˜GL,R in terms of three quantities; frequencies ω
G
L,R, charges q
G
L,R, and
chemical potentials µGL,R,
ω˜GL,R = ω
G
L,R − qGL,RµGL,R. (6.35)
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In (6.35),
ωGL,R =
2Mω (Mr+ (1 + κ)−Q2)
2αMa+ βQ3
, (6.36)
µGR =
M (2αa+ βQr+ (1 + κ))
2αMa + βQ3
, µGL =
βQ (Mr+ (1 + κ)−Q2)
2αMa + βQ3
, (6.37)
and qGL,R = m
′. Substituting the relevant quantities in the CFT absorption cross section
Pabs ∼ TGL 2hL−1TGR 2hR−1 sinh
(
ω˜GL
2TL
+
ω˜GR
2TGR
) ∣∣∣∣Γ
(
hL + i
ω˜GL
2πTGL
)∣∣∣∣
2 ∣∣∣∣Γ
(
hR + i
ω˜GR
2πTGR
)∣∣∣∣
2
(6.38)
shows exact agreement between the CFT absorption cross section (6.38) and the correspond-
ing cross section from gravitational side (6.32).
7 The (deformed) hidden conformal symmetries of Kerr
and Reissner-Nordstrom
We notice that the deformed conformal generators La,bn , n = +,−, 0 in (3.17) and (3.18)
reduce to the deformed conformal generators Ln, n = +,−, 0 for the Kerr black holes when
we set Q = 0 [20] . Moreover, setting the rotation parameter a = 0 with special value of
deformation parameter κ, we find the conformal generators of Schwarzschild black holes in
agreement with [20] and [23].
Plugging the results for C1, C2, δ, γ, ρ and σ for branch a from Table 2 in Q picture along
with a = 0, we find the deformed hidden conformal generators for Reissner-Nordstrom black
holes as
La± = e
±
(
piQTR
M
)
t∓(2piTR)χ
(
∓
√
∆∂r +
(
M
2πr+
(κr+ + r− − r (1 + κ)) + Q
2
4πr2+
(2r − r+ − r−)
)
∂t
+
r+
Q22πTR
(κr+ − r− − r (1 + κ)) ∂χ
)
, (7.1)
La0 =
2M
2πQ3TR
(
Mr+ (κ+ 1)−Q2
)
∂t +
Mr+ (κ + 1)
2πQ2TR
∂χ . (7.2)
The right temperature TR is given by
TR =
(r+ − r−)M
2πQ3
, (7.3)
where the outer and inner Reissner-Nordstrom black holes horizons are r+ = M+
√
M2 −Q2
and r− =M−
√
M2 −Q2 respectively. This right temperature TR in (7.3) matches the right
temperature in [24] after considering the unit length for the uplifted extra dimension.
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The second copy of deformed hidden conformal symmetry generators for the Reissner-
Nordstrom black hole can be obtained from the branch b generators for the Kerr-Newman
black hole in appropriate limit of a = 0. We notice that σ = −2πTL and so the deformed
hidden conformal generators for the Reissner-Nordstrom read as,
Lb± = e
±
(
(1+κ)piQTR
(1−κ)M
)
t∓(2piTL)χ
(
∓
√
∆∂r +
(
M
2πr+
(κr+ − r− + r (1− κ))− Q
2
4πr2+
(r+ − r−)
)
∂t
+
Mr+
Q22πTR
(κr+ − r− − r (κ− 1)) ∂χ
)
, (7.4)
Lb0 =
M2r+ (κ− 1)
πQ3TR
∂t +
Mr+ (κ− 1)
2πQ2TR
∂χ . (7.5)
We also note that for the special value of deformation parameter κ = r−/r+, the gener-
ators (7.1),(7.2),(7.4) and (7.5) reduce to the hidden conformal generators for the Reissner-
Nordstrom black hole [24] after setting the unit length for the uplifted extra dimension.
However, we notice that the hidden conformal generators (7.1),(7.2),(7.4) and (7.5) with
κ = r+/r− for the Reissner-Nordstrom black holes do not simply reduce to the conformal
generators for Schwarzschild black holes [23] by setting Q = 0. In this limit, as it is clear from
table 2, the coefficients ρ and σ do not have any finite values, though the other four coeffi-
cients are well-defined. The situation is similar in reduction of hidden conformal generators of
Kerr-Sen black holes to hidden conformal generators of Gibbons-Maeda-Garfinkle-Horowitz-
Strominger black holes [18] or reduction of conformal generators for Kerr black holes [9] to
Schwarzschild black holes by setting a = 0. To overcome this problem, as it was noticed in
[18, 20], we set σ = 0 for the neutral black holes and so the equations (3.7) and (3.8) become
ρC1 +M = 0 , 1 + ργ = 0. (7.6)
We note that ρ, C1, and γ contain the free deformation parameter κ. In branch b, we choose
κ = −1 and our deformed conformal generators reduce exactly to those derived in [23] by
the mapping
Lb0 = −iH0 , Lb± = iH±. (7.7)
8 Conclusions
In this paper we find an extended family of hidden conformal symmetry for the Kerr-Newman
black holes that are characterized by deformation parameter κ. The deformation of the inner
horizon of the black hole in the radial equation of scalar field is justified by the fact that
the back-reaction of the scalar field on the black hole geometry makes the inner horizon re-
placed by a null curvature spacelike singulatity. The deformed hidden conformal generators
constructed explicitly in different conformal pictures for the Kerr-Newman black holes. The
deformed hidden conformal symmetry in th J picture reduces to the hidden conformal sym-
metry of the Kerr-Newman where the deformation parameter κ is set r−/r+. Moreover, the
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deformed hidden symmetry generators for the Kerr-Newman provide such generators for the
Reissner-Nordstrom black holes. As it is expected, restoring the deformation parameter κ to
be r−/r+ gives the hidden conformal symmetry generators for the Reissner-Nordstrom . We
also support the deformed Kerr-Newman/CFT correspondence by finding the absorption
cross section of charged scalars in the Kerr-Newman background. We find perfect agree-
ment between the gravitational absorption cross section and 2D CFT cross section in three
different conformal pictures for the Kerr-Newman black holes.
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